Abstract-A relay-aided cooperative underlay cognitive radio system with an interference constraint at the primary receiver (PR) is considered. When the primary user (PU) is active, those secondary users (SUs) whose interference at the PR is above a threshold will amplify-and-forward PU's signal to enhance the PU's performance, and those SUs below this threshold will proceed with their own transmission in an underlay fashion. As the number of relay SUs increases, the PU's performance will be improved but cause degradation of SU's performance concurrently. With our overall average bit error rate and the average combined sum achievable rate metrics, we analytically quantify this fundamental performance trade-off in the large number of SUs regime. Both deterministic and random number of SUs scenarios are considered. Monte-Carlo simulations are provided to verify our analytical results.
I. INTRODUCTION C OGNITIVE radio (CR) is a promising technology [3] , [4] . In overlay CR systems, secondary users (SU) sense the primary user's (PU) activity and only transmit when the PU is idle [4] [5] [6] . This scheme relies on efficient and accurate sensing at the SUs to access the spectrum. In underlay CR systems, which is the focus of this paper, SUs can transmit simultaneously with the PU provided that its interference at the primary receiver is below some threshold [7] [8] [9] . However, SUs will transmit with limited power in order to satisfy the interference constraint.
To overcome this drawback in the underlay setup, the cooperative spectrum sharing system, where SUs assist the PU's transmission has been considered recently. Cooperation between the PU and the SU networks has been studied in an information theoretic framework in [10] and [11] . Physical layer spectrum sharing protocols based on amplifyand-forward (AF) and decode-and-forward (DF) relaying techniques are proposed in [12] and [13] where single transmit/receive pair of PUs and SUs are considered with outage probability as a performance metric. Reference [14] generalizes to the case of multiple SUs with opportunistic SU relays selection [15] , [16] , and studies numerically the choice of number of potential SU relays. Opportunistic relay selection based on the highest end-to-end relay gain has been recently studied in the cognitive radio setup [17] [18] [19] [20] , where the relay cooperation is exclusively among either the PU or the SU network. In [21] , instead of power adaptation, the SU switches its transmission strategy between relaying and its own communication with imperfect channel knowledge based on game theory. Reference [22] analyzes the stable throughput of the SU from a network layer perspective and shows that having packets relayed by the SU can empty the queue of the PU quickly, thus creating transmitting opportunities for the SU.
In this paper, we consider a cooperative underlay CR system with single PU and multiple SUs, where the cooperation is between the PU and SUs. Unlike [14] , we aim to characterize the optimal rate trade-off analytically using novel overall bit error rate (BER) and combined sum rate metrics of the PU and the SU systems. Also unlike the exiting literature where SUs continuously adjust their transmission powers to satisfy the interference constraint [23] , we allow each SU to operate with a fixed power level that significantly simplifies the transmitter. The total L SUs are split into two groups based on whether they satisfy a predefined interference threshold at the primary receiver (PR). A subset of size M of a total N + M SUs that have interference less than a certain threshold will enter the underlay mode, among which multi-user diversity (MUD) are assumed to enhance SU network's performance. The remaining N SUs whose interference exceed the threshold will amplify and relay the PU's signal to mitigate the limited interference caused by the underlay SUs. AF relaying is assumed due to its practical simplicity and to maintain the PU's privacy by keeping the SU from decoding the PU's signal. With opportunistic relay selection, we assume that one out of N SUs will relay PU's signal in exchange for the spectrum access, and the average BER and achievable rates of both PU and SU are studied. Hence, as the ratio t = N/(N + M) increases, the desired SU relay can be selected from a larger number of potential candidates, which improves PU's performance. Meanwhile, this reduces the number of underlay SU candidates, and so deteriorates the underlay SU's average BER and achievable rates performance. Our novel overall average BER and combined sum rate metrics facilitate us to capture this trade-off, and enable optimizing the combined system performance with respect to the ratio t in closed form. The optimal ratio reveals the potential number of relays N and underlay SUs M as a function of the average SNR on each fading path and the total number of SUs. Especially for the average achievable rate metric, this optimal value converges to t = 1/3 due to the half-duplex nature of the cooperation and the reduced effect of the fading for large mean number of users. Moreover, practically the number of SUs above and under the interference threshold, denoting as N and M , are random at each time instance due to the random nature of the interference channel and the mobility of the users in the cellular. Hence, beyond the existing literature, denoting the mean number of SUs as λ = E[M + N ], we also optimize the combined system performance with respect to the ratio t = E[N ]/λ in the large λ regime, where N and M are positive integer random variables. Numerical results show that our results even hold for moderate λ, and also when there exists cross interference between the primary and secondary networks.
Our main contributions are as follows:
• Opportunistic relaying and MUD are considered in the primary and the secondary network respectively in a multiple SUs scenario.
• For both PU and the selected underlay SU, closed form expressions of the average BER and the scaling laws of achievable rate in large number of SUs regime are derived, going beyond the outage performance of [13] and [14] .
• Novel overall performance metrics are defined to mathematically quantify the trade-off between primary and secondary networks in the average BER and achievable rate senses for the first time in the literature.
• Above studies are generalized to the random number of SUs scenario, which arises due to heterogeneous and mobile cellular environments. The rest of the paper is organized as follows. Section II presents the system model and the access strategy of the proposed cooperative underlay CR system. Section III derives a closed form expression for the average BER of the PU with opportunistic relay selection, and that of the selected SU. Section IV investigates scaling laws for achievable rates of both PU and the selected SU with MUD for large number of users. Sections III-C and IV-B define the overall average BER and sum rate as new performance metrics to capture the overall system performance, and derive the optimal t for both metrics. Section V extends these results into the random number of SUs case. Section VI presents numerical results for average BER and achievable rate to corroborate our analytical results. Section VII concludes our work.
Here are some remarks on notations and definitions.
is regularly varying with exponent μ = 0 at s = ∞ if it can be expressed as ψ(s) = s μ l(s) where l(s) is slowly varying which by definition satisfies lim s→∞ l(κs)/l(s) = 1 for κ > 0. A non-negative function τ (x) : R + → R is completely monotonic (c.m.) if its derivatives alternate in sign [24] , i.e., Intuitively, regular variation captures polynomial-like behavior, whereas complete monotonicity captures functions that are positive mixtures of decaying exponentials.
II. SYSTEM MODEL

A. Access Strategy
As shown in Fig. 1 , we consider an uplink cognitive radio system with L = M + N SUs, a single PU, a PR, and one secondary receiver (SR). The transmitters and receivers are assumed to be equipped with a single antenna.
We assume that at the beginning of each transmission block, SUs will decide their access mode in the transmission phase by estimating their interference power at the PR with the knowledge of the interference channel through feedback [25] , and comparing with a threshold. M SUs below the threshold will enter the underlay mode and transmit to the SR in a MUD fashion, where only a single SU with the highest transmission SNR will be selected to communicate. N SUs above the interference threshold will serve as relays to the PU in order to compensate for the limited interference caused by the selected underlay SU at the PR. Opportunistic relay technique is applied among N SUs where only the best relay path is selected to relay at each time slot. This scheme facilitates the system to trade off between primary and secondary network performance with flexibility by adjusting the values of N and M. Our novel combined metrics enable us to mathematically quantify the performance trade-off between the PU and SU networks for the first time in the literature. More specifically, we will show that if the average SNR of the PU to PR channel is poor, large number of relays is preferred to enhance the PU network quality; and when the underlay SUs experience deep fading, more SUs should be included in the MUD.
B. Description of the Relay Selection
The opportunistic relay selection is implemented at the primary network. A single SU out of the N SUs will be selected, depending on which SU relay provides the largest end-to-end path gain between the PU and the PR. We adopt the cooperative diversity model in [26] so that during the first half of the transmission block, PU broadcasts its signal, and SUs and the PR receive it. In the second half, the selected SU relays the received signal to the PR, and the PR combines two copies using maximum ratio combining (MRC). Similar to [27] and [28] , we assume that the knowledge of the relay and directed channels have been acquired by the PR.
The received signal at the PR and the i th SU in the first half of the block can be expressed as,
where h PU,PR and h PU,SU i denote the channel coefficients from the PU to the PR and PU to the i th SU, x PU is the transmitted symbol from PU, n PR [1] and n SU i are the additive white Gaussian noise (AWGN) at the PR and i th SU relay in the first half of the block respectively. In the second half of the transmission block, we model the received signal at the PR as:
where h SU i ,PR denotes the channel coefficient from the i th SU relay to the PR, x SU i is the transmitted signal from the i th relay. n PR [2] is the AWGN at the PR. 
is the amplification factor at the i th SU, which maintains constant average power output [26] . By using equation (6) in [28] , the received SNR of the opportunistic relay is derived as
C. SU's Underlay Transmission
According to the access strategy described in Section II-A, when M SUs satisfy the interference constraint at the PR, only one SU among all M SUs with the highest received SNR at the SR will be selected to transmit. The received signal at the SR from the j th SU can be expressed as:
where h SU j ,SR denotes the channel coefficient from the j th SU to the SR, x SU j is the transmitted symbol, n SR is the AWGN at the SR. h SU j ,SR and n SR have the same distribution as h PU,PR and n PR [1] in the primary network. We do not include the interference from the PU network at the SU in our analysis, since it becomes negligible as M → ∞, which can be verified from our numerical results. The received SNR of the selected SU is denoted by
III. AVERAGE BIT ERROR RATE BER is a key performance metric. When h PU,PR , h PU,SU i , h SU i ,PR and h SU j ,SR vary rapidly over the duration of a codeword, system is in the fast fading regime. In this section, we will derive the BER of both the PU and the SU averaged over fading in closed form respectively. In the primary network, opportunistic relay selection among N SUs is assumed. Denoting the received SNR at the PR as γ P , the error rate averaged over the fading with relay selection among N SUs is given by
where P e (x) is the instantaneous error rate over an AWGN channel for an instantaneous SNR x. P e (x) is often approximated to have the form of P e (x) = αe −ηx , where α and η can be chosen to capture different modulation schemes. For example, for binary differential phase-shift-keying (DPSK) this is exact with α = 0.5 and η = 1. f γ P (x) is the PDF of the received SNR γ P using MRC at the PR. In the secondary network, MUD is applied where the SU with the highest transmission SNR will be selected to communicate at each time instance. The average BER for the selected underlay SU can be defined analogously to (8) . At last, we will define a new metric to capture the overall BER performance of the whole system, and derive the optimal choice of t to minimize the overall system BER.
A. Average BER of the Primary System
Since a closed form expression for f γ P (x) in (8) is unavailable, we adopt the moment generating function (MGF) approach to study P e P (N) [29] . The MGF-based approach for the average BER performance of digital modulations over fading channels allows us to obtain the closed form expression for BER of variety of M-ary modulations such as M-DPSK. Due to the MRC scheme at the PR and the independence between the direct link and the relay link, we have γ P = γ D + γ * R . This implies that
where P e D is the average BER of the direct link at the average SNR β 1 , and the P e R (N) is the average BER on the opportunistic relay path among N relays. Equation (9) is due to the property of MGF that the MGF of γ P equals to the product of two individual MGFs of γ D and γ * R .
1) Direct Link From PU to PR:
For the direct link, it is simply the average BER over a Rayleigh fading channel with average SNR β 1 , which can be obtained as
2) Opportunistic Relay Selection: As shown in Section II-B, applying the opportunistic relay among N SUs, the received SNR at the PR can be expressed as (5). To derive P e R (N), the PDF of γ * R is needed. Due to its intractability, common upper bounds on γ * R , which are harmonic mean and min-max bounds, are studied.
a) Harmonic mean upper bound:
The harmonic mean of γ P,S i and
can be used to tightly upper bound γ * R in (5) by simply removing the 1 on the denominator as
The right hand side of the inequality in (12) is the maximum among all the harmonic means of the SNRs on the two hops of a relay path. The left hand side is the maximum of the endto-end SNR gains among all possible relay paths. This upper bound is a widely adopted approximation where the PDF and CDF of the individual relay path SNR γ HM has been derived in [30] . After the best relay selection, γ * HM is the received SNR of the opportunistic relay path, which is mathematically intractable. However, using asymptotic extreme value theory, the maximum of N i.i.d. random variables whose complementary CDF has an exponential tail, can be shown to be Gumbel distributed as N → ∞ [31] . Hence, the CDF and PDF of γ * HM can be captured in the large N regime as [16] :
and
where
Assuming that the instantaneous error rate has the form of P e (x) = αe −ηx , substituting P e (x) and (14) into (8) and obtain the average BER of the PU with harmonic mean upper bound as:
After a change of variables, the average BER of the relay assisted PU with MRC at the PR is derived by carrying out the integral in (17) [32, eq. (13)]
where γ (·, ·) is the lower incomplete gamma function defined as γ (x, y) = x 0 t y−1 e −t dt [33] . Equation (18) provides a tight upper bound on the average BER performance. It shows that as long as the individual link in the proposed system experiences Rayleigh fading, the average BER is in the form of (18) with different parameters.
b) Min-max upper bound: An alternative upper bound on γ * R is the min-max upper bound introduced in [34] that maximize the minimum SNR on the relay path
In this bound, the minimum of the link qualities of both relay hops are obtained, and then the maximum among these N minimum values is the desired opportunistic relay path SNR. This method captures each of the two relay hops as a bottle neck.
The random variable min{γ P,S i , γ S i ,P } is shown to be exponentially distributed with ρ = β 2 β 3 β 2 +β 3 . Hence, the CDF and the PDF of γ * MM can be expressed as:
Assuming that the instantaneous error rate has the form P e (x) = αe −ηx , substituting P e (x) and (21) into (8) and obtain the average BER of the PU with min-max upper bound as:
It can be shown that γ * HM ≤ γ * MM which implies that the harmonic mean upper bound is always tighter than the min-max upper bound at every value of β 2 and β 3 , and will converge to each other as β 2 β 3 or β 2 β 3 . In Section III-C, we will minimize the BER performance of the overall system analytically for both harmonic mean and min-max cases with respect to N/(N + M), and verify that the solutions in two cases will coincide when β 2 β 3 or β 2 β 3 , corresponding to that one of the relay hop is much stronger than another on the path. For example, the relay SU is close to either PU or the PR.
B. Average BER of the Underlay SU Transmission
As we described in the system model, when N SUs relay the PU's signal, M SUs under the interference constraint will operate in the underlay transmission mode in a MUD fashion. The CDF and PDF of the received SNR of the selected underlay SU with average SNR β 4 can be obtained as
Assuming that the instantaneous error rate has the form P e (x) = αe −ηx , average BER performance of the selected underlay SU can be obtained as
C. Optimal Ratio of t for Average BER
In our proposed cooperative CR system, when N SUs are above the interference constraint, opportunistic relay over N SUs is utilized to improve the PU's BER performance. On the other hand, MUD scheme is applied among M underlay SUs. Consequently, the PU and SU's average BER performance can be balanced by adjusting the value of N and M. To recall that we defined a ratio parameter t N/(N + M) in Section I, and we will show that there exists an optimal value of t to maximize the overall average BER performance of both PU and SU.
The overall average BER P e all (N, M) is defined as the product of PU and SU's individual average BER P e all (N, M) = P e P (N) · P e S (M).
Assuming that the instantaneous error rate has the form of P e (x) = αe −ηx , P e all (N, M) is equivalent to the average BER of the summed SNR γ P + γ * S , which characterizes the overall performance of the proposed system. In this section, we study the trade-off between the PU and SU's average BER performance in closed form, and obtain the overall BER expressions P HM e all (N, M) and P MM e all (N, M) for both harmonic mean and min-max upper bounds respectively as
When the PU is active, an increase in N, or equivalently t, will result in a decrease of P 
when M and N are large. ρ = (N, M) can only be achieved either at t = 0 or t = 1. When t = 1, all L SUs will relay the PU's transmission and the proposed cooperative underlay CR system is equivalent to the cooperative CR system introduced in [35] . When t = 0, all L SUs will operate in the underlay mode, so that the proposed system reduces to a conventional underlay CR system. Consequently, our CR system outperforms both the existing cooperative CR system and the underlay CR system in the average BER sense when N and M are large.
It can be derived that c ≈ ρ when β 2 β 3 or β 2 β 3 . This indicates that P HM e all (N, M) and P MM e all (N, M) can be minimized at the same value of t, which coincide with the fact that γ * HM ≈ γ * MM when β 2 β 3 or β 2 β 3 as we described in Section III-A2b. Also, when β i = β for i = 1, . . . , 4, which corresponds to homogeneous fading links, t * MM = 1/3. This means that the optimal number SU relays is one third of the total number SUs given the average SNR values β 2 , β 3 and β 4 . We will see in the next section that the sum achievable rate criterion will also yield a similar result. Another interpretation of the min-max upper bound is that if the decode-and-forward scheme is applied among SU relays, γ * MM is the equivalent SNR value of the relay path if both hops are not in outage. Hence the min-max case is of interest. It can be further shown that γ * HM ≤ γ * MM , which indicates that the DF scheme outperforms the AF scheme when both have the same SNR on each hop.
Analogous to Theorem 1, it can be proved that the system outage probability can be minimized with respect to the ratio t, where the optimal value t * is a function of the channel statistics. Moreover, t * also depends on the outage thresholds for the PU and the SU to guarantee their individual quality of service.
IV. AVERAGE ACHIEVABLE RATE
As we illustrated in Section III, when the system is in the fast fading regime, the achievable rates of both the PU and the selected SU averaged over channel coefficients are of interest. Generally, the average achievable rate C of a desired link can be defined as
where f (x) is the PDF of the instantaneous received SNR. In this section, we will define the average achievable rates C P (N)
for the PU and C S (M) for SU accordingly, and derive their scaling laws as the number of SUs grows large. At last, we define a novel combined system sum rate to characterize the overall system performance.
A. Scaling Laws for Achievable Rates of the PU and Underlay SU
When the PU's transmission exists, N SUs serve as relays to the PU and M SUs communicate with the SR using MUD. In the primary network, it has been shown in [26] that the achievable rate of the relay assisted PU can be expressed as
where C P (N) is the achievable rate of the PU and γ P = γ D + γ * R . The factor 1/2 is due to the fact that PU only transmit at the first half of the transmission phase. When the number of SU relays N is large, we show in Appendix B that for both harmonic mean and min-max cases,
In the secondary network, the achievable rate of the selected SU with MUD can be expressed as
Similar to (32), the scaling laws for C S (M) as M → ∞ can be obtained using previously derived expressions for non-cooperative point-to-point systems [36] as
B. Optimal Ratio of t for Achievable Rate
As we described in Section III-C, the trade-off between the PU and the selected underlay SU performance also exists when the metric of interest is the average achievable rate.
We define t = N/(N + M) and
as the sum rate of the proposed system to capture the overall rate performance of the whole system. C all (N, M) characterizes the total rate that the whole network can support at a certain time instance. In this section, we will adjust the value of t to balance between the primary and secondary network performance in the achievable rate sense, and then aim to maximize the sum rate C all (N, M) as a function of t in the large number of SUs regime. Combining (32) with (34) we have (36) and obtain the following theorem. Theorem 2: When the number of SUs N and M are large, the sum rate of the proposed system C all (N, M) is concave in t over 0 ≤ t ≤ 1, and can be maximized at t * = 1/3.
Proof: See Appendix B.
Intuitively, when N and M are large, there exists some SUs with sufficiently good channels to be selected for relaying and underlay transmissions. Hence the effect of the fading on the achievable rates will diminish as N and M grow. The ratio t corresponds to the portion of the PU's rate out of the combined sum rate of the PU together with the selected underlay SU. Since PU is transmitting over half of the total transmission block (half-duplex), while the selected underlay SU is transmitting over the entire block, the optimal value of t follows that t * = (1/2)/(1/2 + 1) = 1/3. In Section VI, it will be shown numerically that this optimal value also holds when there exists mutual interference at the SR.
The optimal ratio t * = 1/3 coincides with the results in Theorem 1 based on the error probability when we have homogeneous fading links in the network. This implies that both total average BER and sum achievable rate can be jointly optimized at the same time. C all (N, M) can be shown to increase when t < t * and decrease t > t * , hence the minimal value of C all (N, M) can only be achieved either at t = 0 or t = 1. t = 0 and t = 1 stand for conventional cooperative and underlay CR systems respectively. Consequently, the fact that 0 < t < 1 shows that the cooperative CR system with cooperation between the PU and SU networks outperforms those with cooperation exclusively among PU and SU networks, and as well as the conventionally underlay CR system in the achievable rate sense when N and M are large. Moreover, we can generalize C all (N, M) to any weighted linear combinations of C P (N) and C S (M), which can be maximized using the same method as Theorem 2 and would yield a result depending on the weights.
V. COOPERATIVE UNDERLAY COGNITIVE RADIO SYSTEMS WITH RANDOM NUMBER OF SUS
In Sections III and IV, the average BER and achievable rate of the relay-aided cooperative underlay CR system are investigated for fixed number of SUs N and M. Practically, due to the mobility of the users and interference heterogeneity in different parts of the environment, the number of SUs above and under the interference constraint at a given time instance are random. We now assume that L SUs are located randomly but uniformly inside the cell. The number of SUs N and M are a pair of i.i.d. random variables with mean values λt and λ(1−t). In this case, the overall BER and sum achievable rate defined in (25) and (35) are averaged over the user distributions, and can be expressed as (37) and (38) respectively, where N + M = L. In this section, we will show that as λ → ∞,
can be optimized at the same value of t as their deterministic counterparts derived in Theorems 1 and 2.
A. Overall BER in Poisson User Distribution
Whether a SU is under or above the interference constraint at the PR can be modeled as a Bernoulli random variable. When the number of SUs is large and each user is active (interference at the PR is below the threshold) with small and mutually independent probability, the number of active users is well approximated as Poisson distribution [37] . For the overall average BER case, when the harmonic mean and min-max upper bounds are applied in the high λ regime, 
and 2 are average end to end relay path SNRs regarding to two upper bounds respectively.
Proof: Due to Jensen's inequality,
It has been proved in (22) that,
as N → ∞, which can be verified to be regularly varying at N → ∞ with parameter ηρ. It has been shown in equation (19) in [36] is convex on t and can be minimized at t = t * MM . Similarly, E HM
N ,M
[P e all (N , M )] can be shown to be minimized at t = t * HM following the same procedure, which completes the proof.
B. Sum Achievable Rate in General User Distributions
In this section, we extend Poisson M and N to a large class of user distributions and show that as λ → ∞,
Theorem 4: Assuming that M and N are positive random variables with mean values λ(1 − t) and λt, and variances fading and user distributions can be maximized at t = t * , provided that:
Proof: See Appendix C. This theorem implies that the random SUs case has the same optimal t * solution as its deterministic counterpart when λ → ∞ proved in Theorem 2. It can be verified that many well-known discrete random variables including binomial, Poisson-binomial, Poisson, and negative binomial satisfy conditions 
VI. SIMULATIONS
In this section, we generate i.i.d. fading coefficients as random variables and use Monte-Carlo simulations to plot averaged BER derived in (26) and (27) , and achievable rate derived in (36) to corroborate our analytical results. For all simulations, Rayleigh fading channels are assumed.
In Section III-C, we define the overall average BER metric P e all (N, M) to capture the system performance of both PU and selected underlay SU when M and N are deterministic, (28) and (39), should be minimized at ρ/(ρ + β 4 ) = (1/2)/(1/2 + 1) = 1/3, which can be verified by our simulations as well. Moreover, the random SUs curves are slightly above the deterministic case, which is due to the fact that by Jensen's inequality, any kind of randomization of the number of SUs will deteriorate the average BER performance. In Section III-C, we showed that P λ → ∞. It can be shown that the upper bound and lower bound will converge to each other as λ increases, and the upper bound is tighter.
Similar to the overall BER case, we define sum rate of the proposed system C all (N, M) in Section IV as a metric to study the sum achievable rate of the PU and the selected underlay SU. In Theorem 2 we show that C all (N, M) is a concave function of t and can be maximized at some t * when N and M are large. We show in Theorem 4 that when N and M are random, similar optimal t * can be obtained. In to be Poisson distributed. It can be observed that when λ is large, sum rates in both random and deterministic cases can be maximized simultaneously at the same t * . It also holds when there exists cross interference between the primary and secondary networks. For the non-interference case, we have solved t * = 0.3444 numerically which is very close to 1/3 as we derived in Theorems 1 and 2 when the min-max upper bound is applied. The minor difference between 0.3444 and 1/3 is due to the insufficiently large L and λ. Moreover, it has been stated in Section V-B that any randomization on the number of SUs will deteriorate the sum rates performance, which can be verified from the figure that deterministic cases are slightly above their random counterparts.
VII. CONCLUSION
A relay-aided cooperative underlay cognitive radio system with a single PU and multiple SUs is studied where opportunistic relay and MUD are applied in primary and secondary networks respectively. The closed form expressions for the average BER and scaling laws for achievable rates of both the PU and the selected SU are derived. A performance trade-off between the PU and the selected SU is observed. The novel overall average BER and combined sum rate of the system are defined to capture the performance trade-off between the PU and the underlay SU analytically. Both metrics are optimized with respect to the ratio t = N/(N + M) in Theorems 1 and 2 when the number of SUs is deterministic. It can be observed that when the system has homogeneous fading links, the optimal ratio in the BER and achievable rate yield the same result for the optimal ratio t * = 1/3. Similar results when the number of users are random are derived in Theorems 3 and 4.
APPENDIX A PROOF OF THEOREM 1
Before proving Theorem 1, we first show the asymptotic behavior of the beta function B(x, y) and lower incomplete gamma function γ (x, y) in the high y regime.
For the beta function we have
By Stirling's formula [38, pp. 50-53] on the gamma function,
x when x is large, we obtain that
where (·) is Gamma function defined as
For the lower incomplete gamma function, we have the following approximation
as y → ∞, where (x, y) = ∞ y t x−1 e −t dt is the upper incomplete gamma function.
Substituting (42) and (43) into (26) and we obtain 
We define g(t) = log(f (t)) = log(t −ηc (1 − t) −ηβ 4 ), and take the second derivative of g(t) with respect to t and obtain The sum rate of the proposed CR system can be expressed as
It has been shown in [36] that
It has been proved in [39] that if a family of positive i.i.d. random variables {X n } with finite mean ν n and variance σ 2 n satisfy ν n → ∞ and 
Hence, C all (N, M) = 1/2 log(log(N)) + log(log(M))
Let t = N N+M , the optimization problem is equivalent to maximize h(t) = 1/2 log(log(Lt)) + log(log(L (1 − t) ))
Since log(N) is a non-decreasing concave function of t, h(t) is also concave in t. Taking the first order derivative of h(t) with respect to t and set it to zero, we have the following equation of the optimal ratio t * as 3t * − 1 2t log(t) − (1 − t * ) log(1 − t * ) = 1 log(L) .
It is easily seen that as L → ∞, t * → 1/3, which completes the proof.
APPENDIX C PROOF OF THEOREM 4
For the PU, due to the Jensen's inequality, any randomization of the number of SUs always deteriorates the achievable rate performance of the selected user [36] . Hence the achievable rate of the PU E N [C P (N )] can be upper bounded as:
which scales like 1/2 log(log(λt)) as λ → ∞ from (32) . E N [C P (N )] is also lower bounded by removing the direct link from PU to the PR, and we have
Using Theorem 5 in [36] , the E[ log(1 + γ * R )] can be shown to scale like 
